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Abstract—When air is injected into silicone oil contained in a horizontal Hele-Shaw cell, a single air bubble forms
and grows showing various interesting phenomena. In this study the effects of the bubble front velocity, air injec-
tion velocity at a nozzle, fluid properties and cell depth on the stability of the growing bubble were investigated ex-
perimentally. By using the modified capillary number involving the aspect ratio, we obtained the onset conditions
of the unstable bubble. Also, the bubble width was analyzed both quantitatively and qualitatively. Before the bubble
experiences spliting, the bubble front velocity is almost proportional to the air injection velocity. Therefore the latter

velocity may be used in a practical sense.
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INTRODUCTION

When a less vigcous fluid penetrates into a more viscous fluid,
the interface can become unstable. With the unstable interface
formed the flow behavior is very much complicated and intrigu-
ing. Therefore, many studies on viscous fingering have been con-
ducted with a Hele-Shaw cell, as shown in Fig. 1, which consists
of two parallel plates with a narrow space. As air penetrates into
the liquid filling the cell, the resulting two-phase flow is two-di-
mengsional With time, the initial flat mterface becomes wavy and
fingers appear.

For a simple, stable finger Saffman and Taylor [1958] obtain-
ed a solution describing the shape of the stable bubble by neglect-
ing the surface tension effect. McLean and Saffman [1981] per-
formed anumerical analysis of the bubble shape by including the
surface tension effect and proposed that the most important par-
ameter is the modified capillary number Ca,, defined as
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Fig. 1. Schematic diagram of stable bubble growing in present
Hele-Shaw cell.
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Cap=12Ca(W/B)’ 1Y)

where Ca (=pu/y) is the capillary number. 1, u, ¥, W and B
denote the liquid viscosity, the bubble front velocity, the surface
tension, the cell width, and the cell depth, respectively. A, the bub-
ble width nondimensionalized by W, is closely related with Ca,.
Tabeling et al. [1987] examined experimentally the relation be-
tween A and Ca,, and reported that in the range of Ca,_ <5 the di-
mensionless bubble width A decreases with increasing Ca,, show-
ing a linear relation.

With increasing Ca,, the advancing interface becomes unstable.
Bensimon [1986] reported that the amplitude of the noise exist-
ing along the interface increases exponentially as a function of
Ca,, The bubble growth with three-step mechanism of shielding,
spreading, and splitting is well illustrated by Homsy [1987]. Cho
et al. [1997] reported bubble instabilities resulting in branches de-
veloped by splitting and the onset position of instability. They con-
ducted experiments by using viscous silicone oils of p/p=1, 10°
and 10° St. Here their work is complemented by using less-vis-
cous silicone oils. The critical condition of onset of instability ex-
hibiting the inflection point or splitting is obtained as a function
of the modified capillary number. In particular, the gas velocity
through the inlet nozzle is shown to be almost proportional to the
front velocity of the bubble before it splits. Therefore, its use as the
characteristic velocity is tested here.

SYSTEM DESCRIPTION

The system considered here is illustrated in Fig. 1. A horizon-
tal Hele-Shaw cell of width W and depth B is filled mitially with
liquid. At time t=0 inert gas is injected into the liquid in the cell
with the air injection velocity u,at the nozzle. The bubble with the
growth velocity u, grows with the front velocity u, under stable
conditions. In this system the important parameters are

(capillary number) Ca=puy (2)
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(dimensionless bubble width) A=[bubble width]{cell width]  (3)
(modified capillary number) Ca,=(12pu,/ ) (W/BY (1)
Can=(12ptu,/P)(W/BY’ @)

where ¥ denotes the surface tension.

For small B the flow behavior follows Darcy’s law and the fac-
tor of B¥12 comresponds to the permeability in a porous layer.
Saffman and Taylor [1958] showed that the position of a bubble
surface follows on the two-dimensional horizontal plane:

X=%Vln%[1+cos(i—fvz)] (3)

which agrees well with the stable finger of negligible surface ten-
gion. Here x and v denote the symmetric interface position of a
growing bubble, The thickness of liquid film left behind a bubble
{see d, and d, in Fig. 1) is decided by Caand B [Tabeling et al.,
1987, Cho et al., 1997]. For large Ca the bubble does not grow into
the stable finger illustrated above. Tt has been known that the bub-
ble is destabilized at Ca, =900-7000. Cho et al. [1997] reported
that there appears a finger having branches on one side [see Park
and Homsy, 1985] for 900<Ca,=4000 and the finger showing
tip-splitting at Ca,=4000, and with higher Ca,-values flow pat-
tems become more complicated by increasing the number of lobes.
The splitting behavior is known to be the interplay of shielding and
spreading. Since the incipient instabilities produce different inter-
face shapes depending on the capillary number, the present exper-
iments concentrated on the finger behavior for Ca,=3000.

EXPERIMENTS

The schematic diagram of the present experimental apparatus
is presented in Fig. 2. The cell was composed of the bottom and
the lateral sides of metal, and the flows were observed through the
top transparent acrylic plate. Several clamps were fixed at the edge
of the cell with a constant interval for preventing fluid from leak-
ing out to the lateral gap. The width and length ofthe cell are fix-
edat 10 cm and 50 cm, respectively. The cell depths were fixed
at 2, 3 and 5 mm, respectively. Five different kinds of silicone oils
(50, 100, 350, 500 and 1000 c3t) were used. Their densities were
almost the same as water. Temperature was maintained at 25 °C
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Fig, 2. Schematic diagram of experimental apparatus.
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by using atemperature controller. After the cell was filled with
silicone oil, air was injected into the oil through a small hole of
1.2 mm diameter by a syringe pump. The gas flow rate was con-
trolled within the range of 0.31-27.2 ml'min. The viscosity of sil-
icone oil, which is a crucial factor in bubble growth, was meas-
ured by a viscometer (Rheometrics, RMS-800E). After injection,
the bubble propagation was photographed by a video camera in-
stalled above the cell and the films were analyzed by using a com-
puter.

RESULTS AND DISCUSSION

A bubble is formed when air is injected into silicone oil through
anozzle. The bubble grows and its shape is determined depend-
ing on the magnitude of velocities and thiid properties. In the pre-
sent experiments three types of shapes of the bubble interface were
observed at the early stage of bubble growth: (a) stable, (b) mar-
ginally stable, and {c) unstable ones, as shown in Fig. 3. Here are
classified bubbles of (b) and (c) as Type I [Fig. 3(b}] and Type I
[Fig. 3(c}], respectively. The primary object of this study is to find
the conditions for exhibiting the interface shapes of Type I and
Type IL

A stable bubble shows initially a rounded interface like a semi-
circle, as is shown in Fig. 3(a), and grows into afinger, whose in-
terface iz well approximated by Eq. (3). The effect of surface ten-

{¢) unstable bubble (Type 1)
Fig, 3. Three Kinds of hubbles at their early stages of growth.
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Fig. 4. Bubble propagation of Type I with time for B=2 mm, |l
=0,490 Pa s and u,=19.2 cm's.

sion flattens the finger front to a certain degree [Cho, 1996]. The
finger tip grows fastest because the distance between the bubble
front and the liquid front is the shortest. With time the bubble width
becomes constant for each experimental run of stable fingers.

A marginally stable bubble is illustrated with time in Fig, 4. This
bubble becomes more stable with time and finally produces a sta-
ble finger. As shown in the figure, its initial shape is a kind of tri-
angle far from a semi-circle, that is thought to be the result of weak
instabilities. These Type-I nstabilities may be called the prelude
of unstable fingers. As perturbations increase, Type I develops into
Type I Type-II instabilities bring tip splitting and branches, as
are shown in Fig. 5, which do not follow Eq. (5). It has been
observed that splitting behaviors have periodicity with growth.

In the present experiments of 3.77<Ca,=7.37x10" it was found
that there appear Type I for 800<Ca,=2000 and Type II for Ca,=
2000. These values are comparable with those of other reports
[Park end Homsy, 1985; Tabeling et al., 1987, DeGregoria and
Schwartz, 1985; Cho et al., 1997]. Therefore it may be stated that
the finger is stable for Ca,=800.

The bubble width measured here is compared with other exist-
ing resulis in Fig. 6. The present A-values were obtained from the
photos of fingers, which agree favorably with Tabeling et al.’s
[1987]. In obtaming A-values bubbles exhibiting splitting were ex-
cluded. Because Cho et al. [1997] used very viscous silicone oils

(¢l 3b6s

Fig. 5. Bubble propagation of Type II with time for B=2 mm, i
={.969 Pa s and u,=40.1 cm/s.
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Fig. 6. Comparison of present data of A vs. Ca,, with those of
Tabeling et al. [1987] and Cho et al. [1997].

of 1-10° 8t, their A-values may be lower than other results. Saff-
man and Taylor [1958] reported that with an increase in Ca,, A
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Fig. 7. & vs. Ca,, with apparently stable fingers growing,

18 close to 1/2 unless the flow 1s very slow. Considenng stable fin-
gers of Ca, <800, this limiting A-value seems reasonable. Fingers
of Ca, =800 may be potentially unstable. In other words, there 1s
a possibility of their split at a very large position. The present re-
sults of A-values are summarized in Fig. 7. They showed the fol-
lowing nonlinear relation between A and Ca,,;:

A=aCal (6)

where ¢ and 3 are empirical constants. The correlation resulted in
o=0.960, f=-0.0895 for B=2 mm and 0=0.909, B=—0.0763 for
B=3mm, and a:=1.005, B=-0.0615 for B=5 mm. Thus, for a
given Ca, the A-value decreases with a decrease in depth B, but
it approaches an asymptote for B<2 mm. It seems evident that the
gravitational f{orce by the liquid film on the boundanes affects
the bubble behavior [Maxworthy, 1987]. Park et al. [1994] report-
ed that for the Bond number (=pgB’4) Bo>1.5 a gravity effect
may exist. Here p denotes the liquid density and g the gravitational
acceleration. Since in the present experiments Bo=1.8 for B=2
mm, Bo=4.1 for B=3 mm and Bo=11.3 for B=5mm. A increases
with an increase in B, as shown in Fig. 7. Cho et al. [1997] re-
ported that splitting occurs later with an increase in B for B=1-3
mm. In this B-range it is supposed that Bo 1s the measure of sta-
bilization. But for B=5 mm the buoyancy force exhibited by the
bubble itself may be significant. It is mentioned that the case of
B<2 mm follows the conventional Hele-Shaw equations.

From a practical viewpoint it will be more convenient to use the
air njection velocity u, at the nozzle instead of the finger-tip veloc-
ity u,, for u, is not easily measured. The experimental results
showed that u, and u, have a linear relation, as shown in Fig. 8.
Therefore Ca, defined by Eq. (4) may be used instead of Ca,.
In the present system the bubble was stable for Ca, <8.0x10% It
was observed that with decreasing L and increasing B, the slope
decreases. For the same inlet flow rate, a decrease in 1l and an in-
crease in B bring an increase in both the bubble width and the
liquid film thickness. This results in decreasing u, relatively. Here
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Fig. 8. u; vs. u, with silicone oils of 1=0.345 and 0.973 Pa s for
each cell depth.
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Fig. 9. Comparison of u-values among three cell depths with cal-
culated Ca,-values.

the relative velocity u, (=u,/u,) 1s introduced. It may be supposed
that the larger u,-value is, the more the possibility of instability
exists. Fig. 9 shows that for a given Ca,,, u, increases with decreas-
ing cell depth B. As mentioned before, the A-values are differ-
ent for each cell depth if the gravitational effect by the liquid film
is significant. The relative velocity u, itself includes the gravity
effect caused by an increase in cell depth. In this connection fur-
ther study is required.

CONCLUSIONS

In the present study bubble mstabilities were investigated exper-
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imentally in a Hele-Shaw cell of B=2, 3 and 5 mm and they were
categorized here as two types, Type [ and Type 11. Type I appears
for 800<Ca,, <2000 and Type II for Ca,=2000. Also, it was observ-
ed that A-values decrease below 1/2 for Ca,>1500. In the present
experimental range the gravity effect due to the liquid film stabi-
lized the system and increased the bubble width. The relative veloc-
ity u, increased with a decrease in B but with an increase in Ca,,.
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NOMENCLATURE

- cell depth [m]

- capillary number [pufy]

: modified capillary number, (12pu,/Y)(W/BY

: modified capillary number with nozzle velocity, (12uu,/
NW/BY?

- upper or lower thickness of liquid film [m]

. gravitational acceleration [m/s’]

s time [s]

- bubble velocity in length direction [m/s]

: bubble velocity [m/s]

- air injection velocity at inlet nozzle [m/s]

- relative velocity, u,/u, [-]

: bubble velocity in spanwise direction [m/s]

- cell width [m]

X, v :position of bubble interface [-]

jelfeXele

g~ oo
£

R

Greek Letters
¥ surface tension [N/m]
A dimensionless bubble width [-]

L viscosity [Pas]
p:density [Kg/m’]
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